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ABSTRACT 
Suppose we are given three disjoint circles in the Euclidean plane with the 
property that none of them contains the other two. Then there are eight distinct 
circles tangent to the given three, and R.M. Krause has shown that a certain 
alternating sum of the curvatures of these eight circles must vanish. We express this 
result in an inversively invariant way and determine the extent to which it generalizes 
to other configurations of three given circles. 
1. INTRODUCTION 
Let cr,p,y be three distinct circles (or lines) lying in the Euclidean plane. 
The problem of Apollonius is to find the distinct circles (or lines, or points) 
which can be drawn tangent to the given three. In [l] and [3] the topologi- 
tally distinct cases of an equivalent problem on the 2-sphere are enumerated, 
and the number of solution circles is shown to be 0, 2,3,4, 5, 6, 8, or infinity. 
Eight solutions can arise in three topologicahy distinct ways, and one of these 
ways includes the Euclidean variant drawn in Figure 1 in which (~,/3,y are 
disjoint and not nested. In this situation R. M. Krause [4] has shown that the 
solution circles satisfy 
where r(S) is the radius of solution circle 8 and n(6) = 0, 1, 2, or 3 is the 
number of given circles which it surrounds. 
Our purpose is to generalize Krause’s result in two ways. On the one hand 
we generalize the form of the result to one which is appropriate to inversive 
geometry and hence also to spherical and hyperbolic geometry. On the other 
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hand we extend the scope of the result to include all instances of the problem 
of Apollonius which give rise to 5, 6, or 8 distinct solutions. We also 
determine the sense in which the result fails for all other instances of the 
problem. 
2. COUNTING MULTIPLICITIES 
Suppose cw,fi,y are three distinct circles on the 2-sphere. We introduce an 
Z for each pair of intersecting circles, a T for each pair of tangent circles, an S 
in case one of the circles separates the other two and a bracket in case (Y, /3, y 
have at least one point in common. Then if we distinguish two forms of ZZZ 
and two forms of [ ZZZ] by adding the subscripts 1 and 2, the resulting labels 
can be used to name the 18 topologically distinct cases of the problem of 
Apollonius which are enumerated in [l] and [3]. 
Figure 2 shows canonical forms for each of these cases and indicates the 
corresponding number of solution circles. Note that the situation shown in 
Figure 1 is an instance of the case labeled 0 in Figure 2 to indicate no 
intersections, no tangencies, and no separations. The entries in Figure 2 are 
grouped into column blocks; as we decend any one of these blocks additional 
tangencies occur among (~,/3,y in such a way as to force certain solution 
circles to coalesce. The dashed circles and numbers indicate solution circles 
which have coalesced or become equal to one of the given circles. In the first 
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three blocks the total number of solutions counting these multiplicities is 
equal to 8; these are our Apollonian octets. After we prove our theorem for 
the cases 0, III,, and ZZZ, we shall extend it to arbitrary Apollonian octets by 
continuity. 
3. INVERSIVE COORDINATES 
Inversion in a circle does not alter the incidence properties of points, lines, 
and circles, and therefore it is natural to study the problem of Apollonius in 
the inversive plane ( = R 2 U (00) = e-sphere). However, inversion in a circle 
does alter the size of circles and so it is not clear a priori that there should be 
an inversive generalization of Krause’s theorem. Nevertheless this does turn 
out to be the case, and in preparation for the inversive form of the theorem 
we introduce inversive coordinates and state some of their properties. Full 
details about n-dimensional inversive coordinates are given in [5]. 
The inversive plane can be modeled as Iw 2 U { rx}. Then a point x = (x 1, x2) 
is named by any of the 4vectors X = X(~X,]]X](~ - l,])~]]~ + l), X > 0, and co is 
named by any of the 4vectors X = h(0, 1, l), A > 0. The important sets of 
points are halfplanes and proper and improper disks. The halfplane x. n > d, 
n.n = 1, is named by the 4vector C = (n, d, d); the disk IIx-all~ T, by the 
Pvector C = (1/2r)(2a,]]aJ12 - 1- r2,]]a]]2 + l- r2); and the improper disk 
]]x - a]] > T, by the 4vector C = -(1/2r)(2a,(]a]]2 - 1- r2,]]aj12 + 1- r2). Note 
that an improper disk can be regarded as having a negative radius. 
In connection with these coordinates we introduce the bilinear form 
U * V = UiVr + U2V2 + UsVa - U,V,. Then a point X belongs to a set C if and 
only if X * C > 0. Reflection in the common line or inversion in the common 
circle bounding the complementary sets C and - C is given by the linear 
transformation U + U - 2(U * C)C. In fact the full group generated by inver- 
sions is equal to the linear group preserving the bilinear form U * V and the 
sign of U, on the cone U* U= 0. 
If C and D name disks or halfplanes, then their boundaries are tangent if 
and only if JC * DI = 1; C * D = 1 indicates their interiors are nested and 
C * D = - 1 indicates they are not. If the boundaries of C and D intersect at 
an angle 8, then C * D = cos 0, and in particular, if their boundaries are 
orthogonal, C * D = 0. If the boundaries of C and D do not meet, then 
I C * D I = cash a, and where a is the inversive distance between the boundaries; 
C * D > 1 if the interiors are nested, and C * D < - 1 if they are not. 
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4. THE INVERSIVE GENERALIZATION OF KRAUSE’S THEOREM 
Let a,j3,y be three circles lying in the inversive plane. Each of them 
bounds two disks, so there are eight possible choices for a triple of disks 
A, B, C bounded by cu,p, y respectively. Each Apollonian solution circle 6 also 
bounds two disks D and - D. However, once A, B, C are fixed, the vector 
(A * D)(B * D)(C * D)D is unchanged by substituting - D for D; it is equal 
to + D or - D because A * D, B * D, C * D are each + 1 or - 1. If o,p,y 
admit finitely many solutions to the problem of Apollonius, we form the sum 
of these vectors over all solutions: 
If any of the disks A, B, C is replaced by its complement, W merely changes 
sign and so our construct depends essentially on (~,/?,y. 
LEMMA 1. The vector W transfm according to the inversive group. 
Proof. Let u be a linear transformation in the group generated by 
inversions. Because u is linear, 
W(A,B,C)“=x(A*D)(B*D)(C*D)D”. 
Because U * V = U” * V”, 
W(A,B,C)a=x(A”* D”)(B’* D”)(C”* D”)D”. 
Because 6” runs through the solutions to the problem of Apollonius for 
~~“,/3~,y” as S runs through the solutions for a,P,y, we have the desired result: 
W(A, B,C)” = W(A’,B”,C”). n 
Our main result is 
THEOREM 1. The vector W satisj?es W = 0 in the cases 0, III,, ZZZ, and, 
when solutions are counted with appropriate multiplicities, in the cases T, 
TT, TTT, ZZT, and ITT. 
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We shall prove Theorem 1 in Section 5. For now we content ourselves 
with proving 
LEMMA 2. The condition W = 0 for the special case of 0 shown in 
Figure 1 implies Krause’s original theorem. 
Proof. We fix A, B, C, as the disjoint proper disks bounded by o,p,y. 
For each solution circle 6 we let D be the proper disk bounded by 6 and note 
that A * D = 1 or - 1 as S does or does not surround (Y. Moreover, if 
D=(1/2r)(2a,lla(12-1-r2,11a112+1-r2) and if E=(O,O,-1,-l), then 
D * E = l/r = l/r(6). The condition W = 0 implies 
O=W*E=x(A*D)(B*D)(C*D)(D*E) 
=E(A* D)(B* D)(C* D)-& 
= -c(-l)“(8)-&. 
5. PROOF OF THEOREM 1 
The coordinate vectors for the inversive plane form a real 4dimensional 
vector space with U * V as a nonsingular bilinear form. In order to show that 
W=Oitisenoughtoshowthat W*V=OforthevectorsV,i=1,2,3,4,ofa 
basis for this space. 
In the cases 0, III,, III,, the circles (~,p,y do not belong to a pencil and 
therefore the vectors A, B, C are linearly independent. In all three cases we 
have W * A = W * B = W * C = 0 because, for example, 
W*A=x(A*D)(B*D)(C*D)(D*A) 
=x(B* D)(C* D) 
and the factors B * D and C * D agree in sign as often as they disagree. To 
complete the proof we must find a forth basis vector orthogonal to W, and 
two separate arguments are required. 
In the cases 0 and ZZZ, there is a circle P orthogonal to cu,/3, y, and if P 
names either of the disks bounded by r, P*A=P*B=P*C=O while 
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P * P = 1. It follows that A, B, C, P form a basis for our vector space. 
Inversion in n is given by U” = U - 2 (U * P)P, and by Lemma 1 we have 
W(A,B,C)“=W(A”,B”,C”)=W(A,B,C); 
hence W * P = 0 as required. 
In the case III,, the circles a,p,y are like three great circles on the sphere, 
and accordingly [5] there is a vector S which satisfies S * A = S * B = S * C = 0 
and S * S = - 1. It follows that A, B, C, S form a basis for our vector space. 
The transformation defined by U” = - [U + 2(U * S)S] gives a fixed point 
free involution like the antipodal map [5]. By Lemma 1 we have 
W(A,B,C)“=W(A”,B”,C”)=W(-A,-Z&-C)= -W(A,B,C), 
and this implies that W * S = 0 as required. 
6. COROLLARIES OF THEOREM 1 
Theorem 1 asserts that the vector equation W = 0 of inversive geometry 
governs the solutions of many cases of the problem of Apollonius. But this 
problem is meaningful not only in Euclidean geometry but also in spherical 
and hyperbolic geometry. And the familiar Riemann sphere and Poincare disk 
remind us that inversive geometry provides models of spherical and hyper- 
bolic geometry in which circles are represented by inversive circles. Thus 
Euclidean, spherical, and hyperbolic versions of suitable cases of the problem 
of Apollonius are all governed by the inversive equation W = 0. 
Now the inversive model of Euclidean geometry is indexed by a vector E 
which describes the metric by means of the formula D * E = l/r. In the same 
way the inversive models of spherical and hyperbolic geometry are indexed 
by vectors S and H which describe their metrics. In the spherical case 
D * S = cot 8, where 6’ is the angular radius of the disk in question; in the 
hyperbolic case D * H = coth p, where p is the hyperbolic radius of the disk in 
question. 
We remark parenthetically that the paragraph above represents a slight 
oversimplification of the actual facts. In the Euclidean case D * E = 0 if D is 
bounded by a line, and in the hyperbolic case D * H = 1, tanhp, or 0 if D is 
bounded by a horocycle, by an equidistant curve a distance p away from its 
line, or by a line. Full details are given in [5]. 
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NOW suppose we have a case of the problem of Apollonius which satisfies 
W=x(A*D)(B*D)(C*D)D=O. 
If we regard the figure as belonging to Euclidean geometry, we can form the 
scalar equation W * E = 0 to obtain the result C[ + l/r(6)] = 0. But we can 
just as well regard the same figure as belonging to spherical or hyperbolic 
geometry. Then it is appropriate to form the scalar equation W * S = 0 or 
W * H = 0 and obtain the result z[ k cot 0(S)] = 0 or C[ + coth p(S)] = 0. 
7. THE CIRCLES ASSOCIATED WITH A TRIANGLE 
In the introduction we promised to treat all cases of the problem of 
Apollonius which give rise to 5, 6, or 8 distinct solutions. It remains to deal 
with the case [III],, which we have drawn as a Euclidean triangle. If we 
consider [III], as a special case of III, or III,, we should regard the solutions 
as the incircle and three excircles of this triangle together with the point at 
infinity counted with multiplicity 4. But when we compute 
the terms corresponding to the point solution D = - E = (O,O, 1,l) go out, 
because A * E = B * E = C * E = 0. If we choose A, B, C so that each contains 
the triangle A, then 
W=W,(A)=D,-D,-D,-D,, 
where Do is the proper disk bounded by the incircle and D,, i = 1,2,3, are the 
proper disks bounded by the excircles. We denote the inradius of A by ra, the 
three exradii by ri, r,, ra, and the circumradius by R. 
It seems natural to make a simultaneous investigation of the analogous 
sums for non-Euclidean triangles. In the hyperbolic case W,(A) represents 
half the terms in the sum for III,, and in the spherical case W,(A) represents 
half the terms in the sum for III,. We denote the inradius and exradii by 
pa, pi, pz, ps in the hyperbolic case and by fZ,, 01, 8,, 0, in the spherical case. 
In the hyperbolic case one or more of the escribed circles may actually be a 
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horocycle or an equidistant curve, and if this should occur we agree that 
coth pi is to be replaced by 1 or tanh pi as appropriate. 
THEOREM 2. In the Euclidean, hyperbolic, and spherical cases we have, 
respectively W,(A) = 2RE, W,(A) = (~0th p0 - coth pi - coth ps - coth ,as)H, 
and W,(A) = (cot 8, + cot 8, + cot ~9, - cot 0,)s. 
Proof. Inallthreecaseswehave W*A=W*B=W*C=O,justasin 
Theorem 1. 
In the hyperbolic and spherical cases A, B, C, H and A, B, C, S are bases 
of our coordinate space with the last vector orthogonal to the first three. It 
follows that W,(A) = A,H and W,(A)= XsS. We solve for h, and hs by 
forming the scalar equations W, * H = X,H * H = A, and Ws * S = XsS * S 
=- A 
ThlEuclidean case is more complicated because A * E = B * E = C * E = 
E * E = 0 and hence the vectors A, B, C, E are linearly dependent. Neverthe- 
less, we can still obtain the equation W,(A) = A,E by observing that A, B, C 
are linearly independent and therefore the only vectors orthogonal to all three 
of them must be scalar multiples of E. Because E * E = 0, we are forced to a 
more explicit use of coordinates in order to evaluate A,. Fortuitously, this 
extra effort is rewarded with an amusing corollary. 
Suppose without loss of generality that D, is centered at the origin and Dj 
at xi, i = 1,2,3. Then 
and 
W,(A)=D,- i Di 
i=l 
=(-c,g-z+.f+zq,+(-I-.f+zq) 
140 
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3 
c= c :, 
i=l t 
K = r1 + r, + T3 - r. . 
The fact that W,(A) = h,E implies that c = 0 and J = 0. It is well known [2, 
51.51 that K = 4R, and in the next paragraph we shall show that I = 8R. It 
follows that W,(A) = 2RE. 
In Figure 3 we have used Ai for the angles of the triangle, ai for the 
lengths of the opposite sides, and s = iCf=, ai for the semiperimeter. We read 
off from Figure 3 that ri = stan+A, and (]xi(] = aiseciAi. Then, by using the 
familiar identity a i /sin Ai = 2R, we obtain 
n 
COROLLARY. Suppose a muss equal to l/r, is placed at the ith excenter 
of a triangle, i = 1,2,3. Then the total muss of the system is equal to l/ro, the 
center of muss is equal to the incenter of the triangle, and the moment of 
inertia of the system about this center is equal to 8R. 
Proof. The assertions above are just restatements of our identities J = 0, 
c = 0, and I= 8R. n 
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8. CONCLUDING REMARKS 
There are six more cases of the problem of Apollonius which admit proper 
circles as solutions. They are Z and ST, IT and ST??, and ZZ and [ZZT]. In each 
case we form the inversive invariant 
W(A,B,C)=x(A*D)(B*D)(C*D)D 
and attempt to express it in some useful way. We find an essentially negative 
result in 
THEOREM 3. In the cases just listed, W(A, B, C) is a rwnvanishing 
linear combination of A, B, C. The coefficients depend explicitly on the 
inversive invariants + cos 8, + cash 8 determined by A, B, C. 
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Proof In all of these cases the given circles do not belong to a pencil, 
and so the vectors A, B, C are linearly independent. In all of these cases 
except [ZZT] the given circles admit a common orthogonal circle, and so we 
obtain a fourth basis vector P just as in Theorem 1. The methods of Theorem 
1 serve to show that W * P = 0, and since A * P = B * P = C * P = 0, this 
proves that W is a linear combination of A, B, C. In fact if 
then 
where 
i 
A*A A*B A*C 
M= B*A B*B B*C 
C*A C*B C*C 
W=xA+yB+zC, 
(x,y,z)=(W*A,W*B,W*C)M-‘. 
In Table 1 we record the vectors (a, b, c) and (W * A, W * B, W * C). In 
each case we take A, B, C to be the proper disks indicated in Figure 2. By 
taking each solution disk to be proper we can force A * D = 1 and simplify 
our calculation to 
(w*A,W*B,W*C) 
Table 1 shows that this vector does not vanish, and this completes the proof of 
the first five cases of Theorem 3. 
The last case to consider is [ZZT]. Here we use the transformation 
properties of W(A, B, C) to assume without loss of generality that A = 
(0, 1, - 1, - l), B = (0, 1, 1, l), and C = ( - sin 8, cos 8,0,0), 0 < 8 < 77/2. The 
point at infinity is a solution of multiplicity 2, and corresponding to the other 
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TABLE 1 
a b c W*A W*B W*C 
I COSe,, COSha,, COSha,, 4 0 0 
ST 1 cash a,, cosha,, 4 0 0 
IT cog eBc Cosha,, 1 2 -2 0 
STT 1 cash a,, 1 2 -2 0 
II COS e,, COSha,, coseA, 0 -4 0 
two solution circles shown in Figure 4, we have the proper disks D, = (csc 8,0, 
~(CSC’ 8 - 2), gcsc’ 0) and D, = (- csc B,O, g(csc2 8 - 2), &SC’ 0). The point 
solution contributes 0 to the sum just as it did in the case of W,(A), and we 
find 
W(A,B,C)=D,-D, 
= (2csc8,0,0,0) 
=cscBcot@(A+B)-2csc2BC. 
B 
A-- -- -- 
A 
I 
FIG. 4. 
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This shows how the numerical invariant 8 which parametrizes the family of 
[ ZZT]‘s enters into the coefficients. W 
I am grateful to the referee of an earlier version of this paper for a number 
of observations which have simplified the presentation. 
REFERENCES 
1 A. Bruen, J. C. Fisher, and J. B. Wilker, Apollonius by inversion, Math. Mag., to 
appear. 
2 H. S. M. Coxeter, Introduction to Geometry, 2nd ed., Wiley, New York, 1969. 
3 J. M. Fitz-Gerald, A note on the problem of Apollonius, J. Georn. 5:15-26 (1974). 
4 R. M. Krause, private communication. 
5 J. B. Wilker, Inversive geometry, in The Geometric Vein, Springer, New York, 
1982. 
Received 8 October 1981; revised 12 March 1982. 
